For finite and compact infinite metric spaces, a concept of a (weighted) r-design is introduced which depends on a choice of a substitution function. To estimate the minimum size of a tdesign a system of orthogonal polynomials is defined using the average measure of metric balls and the substitution function. A universal lower bound on the size of z-designs is obtained with the help of the solution of the known extremum problem for systems of orthogonal polynomials. The concept of a T-design and the bound considered coincide with those in the case of polynomial association schemes of Delsarte and the Euclidean sphere for the proper choices of the substitution functions. This bound is also calculated for some other spaces.
Introduction
Compact metric spaces X = (X, d(n, u), p) with a measure p defined on metric balls are considered. All finite metric spaces (in particular, all graphs with the path metric) with the ordinary counting measure are included in the consideration. The compactness condition implies that, for any d > 0, any set A 2 X, for which the open metric balls of (packing) radius d/2 with centers at points of A do not intersect, is finite and, for any p > 0, there exists a finite set C LX such that the closed metric balls of (covering) radius p with centers at all points of C cover the whole space X. This gives rise to the classical packing and covering problems for compact metric spaces: for any d > 0, find a finite set (code) C &X of the maximum size with the packing radius d/2 (or with distance at least d between its distinct points) and, for any p > 0, find a finite set (code) C G X of the minimum size with the covering radius p. The covering problem can be treated as an approximation of the whole space X by a code C CX of the minimum size, and the covering radius p of C characterizes a degree of the approximation.
One of the most important and fruitful results of Delsarte theory [l l ] is a concept of a design C of strength r (or r-design) in an association scheme X with s classes.
A chain of certain subspaces Ws c WI c . . . c V( of functions S(z), ZEX, is considered and a code C CX is called a r-design (r = 1,2,. . . ,s) if for any f(z) E W, the mean values of f(z) over X and over C are the same. Thus, any code C LX can be also considered as an approximation of the whole space X in another sense, and the strength r of the design C characterizes a degree of the approximation. This gave rise to a new design problem: for any r, r = 1,2,. . . , s, find a r-design C 5 X of the minimum size. Later the definition of a r-design based on subspaces of functions of one variable was extended to the Euclidean sphere, the projective spaces and some other spaces (see [12-141, [26-28,18,38,21,9] ). The concept of design allowed to understand the unified nature of such different notions as the tactical configurations, orthogonal arrays, sets of nodes of cubature formulas, and to apply general methods for their investigation and for obtaining universal bounds on their size. Furthermore, it turns out to be that a number of extremum problems of significant interest in factorial experiments, cryptology, complexity theory, and calculation theory are reduced to the design problem for some spaces (see [7,30,17,40,1,19,34, lo] ).
The purpose of the paper is to extend the notion of a z-design to an arbitrary compact metric space X = (X, d(x, y) , ,u) and obtain an universal bound on the size of r-designs. In Section 2 a concept of a (weighted) r-design in X is presented, which depends on a fixed monotone substitution function o(d) and is defined as follows: a (weighted) finite set C CX is called r-design (r= 1,2,. . .) if for any polynomial f(z) of degree at most r, the mean value of f(a(d(x, y))) over X xX with the given measure and over C x C coincide. For certain choices of g(d) this concept includes r-designs of Delsarte in Pand Q-polynomial association schemes and their generalizations mentioned above. To study (weighted) r-designs and obtain a universal (valid for all X,o(d) and r) lower bound on their size in Section 3, for an arbitrary compact metric space X = (X,d(x, y),p), a system Q of orthogonal polynomials on interval [-1, l] is introduced. This system is defined using the substitution function a(d) and the function ,E(d) being equal to the mean measure of metric balls in X of the radius d. One can expect that the system Q might be useful not only for the design and packing problems. In Section 3 we also find the systems Q for different spaces as examples. The desirable universal bound on the size of (weighted) r-designs is given in Section 4. As in the case of Delsarte designs it is obtained with the help of the solution of the known extremum problem for systems Q of orthogonal polynomials.
This bound includes the known bounds on the size of r-designs in Pand Q-polynomial association schemes and of spherical r-designs. It was calculated for some other metric spaces, for example, for the n-dimensional torus and cube with natural substitution functions. Necessary and sufficient conditions for attainability of this bound are found. In particular, the necessary conditions show that although this bound is valid for weighted r-designs, it may be attained only for simple designs (i.e., when all weights are equal). In Section 5 we introduce the classes of so-called FDNDFpolynomial and polynomial compact metric spaces. For such spaces the definition of a z-design given above is equivalent to that of Delsarte. Moreover, some additional possibilities to improve the universal bound for r-designs are appeared and an extremum problem for the system Q can be used for obtaining universal (upper) bounds on the size of codes with given packing radius. An universal bound on the size of codes in FDNDF-polynomial spaces, which is, in a sense, dual to the universal bound for rdesigns, is given. More general results on the packing problem can be found in [24, 25] .
It should be noted that in the paper we put some restrictions which are useful for the consideration of the packing and design problems simultaneously. Some of them, in particular, the triangle axiom for d(x, y) and the monotony of a(d), can be omitted for the consideration of the design problem.
Designs in compact metric spaces
We consider compact metric spaces X with distance d(x, y) including all finite metric spaces. In particular, we consider arbitrary connected undirected graphs r, since the set X =X(T) of vertices of r may be considered as a finite metric space with the path metric d(x, y) equal to the minimum number of edges in a path connecting the vertices x and y. Any finite set (code) C, C C X, is characterized by its minimal distance
d(C) = ,T.12&v d(x, y)

when ICI 22 and by its covering radius p(C) = y:;d(x, C),
where d(x, C) denotes the minimal distance between x and points of C. The classical packing and covering problems consist in finding a code C &X of the maximum size with given minimum distance and a code C CX of the minimum size with given covering radius.
We assume that X is endowed with a normalized measure p, p(X) = 1, such that for any p (p > 0) and any x EX the metric ball s,(x,X) = {Y: Y EX 0, y) <p)
is measurable and &p)=@&X))>O if p>O.
(2.1)
In the infinite case for simplicity we also will assume that pb(x, p) = a,u(x, p)/ap exists and is a continuous function in two variables. In the case of finite X we assume that p is the normalized counting measure, that is,
IAl p(A)= IxI
for any ACX.
The space X is called distance invariant if &,p) does not depend on XEX for any p.
In the general case the function
2)
characterizes the mean measure of a metric ball of radius p. Thus, for distance invariant spaces j?(p) = p(x, p) for any xEX. We also consider some other parameters of codes connected with their metric properties. For any IV, W G X, let d(W) denote the set of values of d(x, y) when x, y E W and let &( IV) be A( W)\(O). F or any finite set (code) C, C C X, the parameter s(C) = Ido(C)I, (2.3) characterizes the number of (distinct) distances between distinct points of C. In particular, s(X) is defined in the case of a tinite metric space X. In the case of compact infinite metric spaces X, we put s(X) = co since then the set d(X) is infinite. Clearly, for any code C,
Together with the diameter D(X) = max da(X) of the whole space X, we define the diameter of a code C by D(C) = max Ao( C).
We also consider the following auxiliary Now, we introduce one more fundamental parameter of a code C and the concept of a r-design (r = 1,2,. . .). For some applications it is useful to consider a finite set C as a weighted set C = (C, m) where m is a certain positive-valued function on C (for example, multiplicity or probability). It is convenient to normalize weights m(x) of elements x E C such that C m(x) = ICI,
where ICI as always is the number of distinct elements (the size) of a weighted set C = (C, m). Hereafter we consider a code C as a special case of a weighted set when m(n) F 1 for all x E C. The concept of a (weighted) r-design depends on a continuous strictly monotone real function (substitution) a(d) defined on the interval [O,D(X)] (for example, o(d) = d, d* or ed). A weighted set C = (C, m) will be referred to as a weighted z-design (in X with respect to the substitution o(d)) if for any polynomial f(t) in a real t of degree at most r, (2.8) x
, YEC
A z-design is a special case of a weighted r-design when m(x) F 1 for all XE C. Such r-designs are also called simple. The maximum integer z (z f s(X)) such that a (weighted) set C is a (weighted) r-design is called the strength of C and denoted by r(C). The value
is referred to as the dual distance of C. These definitions of a r-design and of the dual distance are natural extensions to compact metric spaces of the corresponding definitions of Delsarte for association schemes [l l] and Delsarte, Goethals and Seidel for the Euclidean sphere [13] . We shall see in Section 5 that they coincide with the classical definitions for corresponding substitutions (linear for Hamming and Johnson spaces and quadratic for the Euclidean sphere). The equality (2.8) shows that in a definite sense a (weighted) r-design C is a good approximation to the whole space X, and the parameter (2.9) characterizes the degree of such an approximation. The design problem consists in finding a (weighted) r-design C LX of the minimum size.
A system Q of orthogonal polynomials for a compact metric space: examples
We endow a compact metric space X = (X, d(x, y), p) and a given substitution a(d) with a system of orthogonal polynomials Qi(t) of degree i, i = 0, 1,. . . ,s(X). This system Q = {Qi(t)} IS, in fact, defined by the substitution a(d) and the mean measure d(d) of closed metric balls of radius d. Considering some properties of the system Q we obtain universal bounds on the sizes of designs and codes in compact metric spaces.
Notice that the definition of a (weighted) r-design (with respect to substitution o(d)) is invariant under any linear transformation of o(d). This allows us to assume without additional loss of generality that o(d) is a continuous strictly decreasing function on
Such a substitution function a(d) is referred to as standard. The inverse function of the standard function a(d) is denoted by a-'( ), i.e., for any t, -l<t<l,
a-'(t)=d when o(d) = t.
Consider the following inner product for continuous functions f(t) and g(t) in a real t on the interval [-1, 11:
f.s= ss x x .044x, y))M44xv v))) &4x) d,dY).
We verify that the integral on the right-hand side of (3.2) can be rewritten as the Rimann-Stieltjes integral on [-1, 11. To this end we consider the function v(t) in a real t on the interval [-1, l] defined by
which increases with t from v( -1) = 0 up to v( 1) = 1 -p(O). When X is finite and
) and has s + 1 steps at points ti = a(di) with positive step sizes
i=O,l , . . . ,s, zEo w, = 1 (see (2.6) ). In the infinite case we assumed that &(x, p) is continuous and hence p'(p) = J, pL(x, p) dp(x). Therefore, for some natural ad-
is continuous on [-1, l] and positive inside the interval. An arbitrary left continu-
and we can rewrite (3.2) as
Since I&,(X)/ =s(X), the polynomials t', i= 0,. . . ,s(X), for t = a(d), d E d(X), are linearly independent, and using them in the orthogonalization process with respect to (3.7) we obtain the following statement. 
where v(t) is defined by (3.3) .
Notice that es(t) z 1 and rs= 1, (3.10) since the measure is normalized. Under our assumption, the orthogonality condition (3.8) for a finite and infinite X takes, respectively, the following forms: The following facts are well known [32] . The isometry group G of S"-' consists of all orthogonal matrices of order n and acts transitively on S"-'. There exists the unique normalized measure p on S"-' which is invariant (i.e., p(gA)=&A) for any measurable A c S"-* and any g E G). This measure p coincides with the normalized Lebesgue measure on S"-' (the normalized surface area). The metric space S-i is distance invariant and for any d, 0 <d <2, (3.13) where o,_,(rp) is the surface area of a spherical cap on S"-' of radial radius cp (i.e., of the set {y:y~S"-', cp(x,y)<cp} with XES"-*) and 0,-l =2a,-1(x/2) is the surface area of P-l. It is also known that It is known [5] that the Jacobi polynomiks (3.15) (a 2 -3, /I 2 -i), normalized by <.'jB( 1) = 1, satisfy the following orthogonality condition: For the metric space X = T,P"-' we have d(X) = [0, l] and D(X) = 1. The following facts are well known (see [16, 20] ). The isometry group of T,,,P"-' for m = 1,2, and 4, respectively, consists of all orthogonal, unitary, and symplectic matrices of order n and acts transitively. As in the case of S-', on T,,,P"-1 there exists the unique normalized invariant measure p. The metric space T,,,P"-' is distance invariant and for any d = v'?! sin (p/2, 0 < cp d ~12,
Therefore, for the projective spaces X = T,P"-' with the standard substitution For the n-dimensional cube I", ~(x, p) in general depends on x E I". However, it is possible to calculate that fi(p)=s,, ~(x, ~)dp(x)=(2p-p2)" for any p. O<p<D(Z")= 1. The substitution o(d)= 1 -2(2d -d2) is standard and by (3.3) v(t) also equals 1 -(( 1 -t)/2)". Hence, the polynomials Q,(t) and constants r; coincide with those for the torus T" but under the latter standard substitution.
An universal bound on the size of z-designs
We formulate an extremum problem for a system of orthogonal polynomials. This problem has a unique optimal solution. An application to the system Q introduced and fo is equal to zero when f(t) = Qi(t), i = 1,. , s(X). This gives the following corollary. 
XEC .rEC
Consider an arbitrary weighted set C = (C, m). A polynomial f cF[t] is called annihilating for C if f (o(d(x, y) )) = 0 for any x, y E C, x # y. A polynomial, annihilating for C, of minimal degree (i.e., s(C)), is called minimal. Let fc(t) denote the minimal polynomial for C such that fc( 1) = 1. This theorem extends Delsarte's results [l l ] to the case of weighted designs in compact metric spaces and also gives rise to the following extremum problem for the system Q of orthogonal polynomials whose solution ensures the best bound in (4.6).
A restricted2 z-design problem. In the class of polynomials f cF [t] of degree at most z such that fo(Q) >O and f(t) 20 for -1 <t d 1 find a polynomial which maximizes a,( f ). * The term 'restricted' means that we only consider polynomials of degree at most 5; later we remove the restriction for polynomial metric spaces.
Note that any polynomial f from this class implies the bound (4.6). Delsarte [ 1 I] used a certain polynomial f = gcT) defined below for r-designs (r even) in polynomial association schemes. Later Dunkl [ 151 gave the definition of g(') for odd r, calculated sZ,(g(")) for some systems Q of a discrete variable, and remarked that by the result of Schoenberg and Szego [33] for all r the polynomial f = g(" is a unique (up to a constant factor) solution of the restricted r-design problem. Proofs of these results can also be found in [24, 25] as special cases of the solution of the restricted a-packing problem for systems of orthogonal polynomials.
To describe the optimal polynomial g(') and calculate !&(gc7)) for some compact metric spaces we define systems Qn,b, a, b E { 0, 1, . . .}, of orthogonal polynomials which in a certain sense are adjacent to an arbitrary system Q satisfying the conditions (3.8) and (3.9) . As before we assume that v(t) is a left continuous step function or continuously differentiable, and hence (3.11) or (3.12) holds. First, we choose a function v",b(t) and constants ~"3' as follows. If v(t) is continuously differentiable and v'(t) = w(t), then so is P,'(t) and (v",'(t))' = ~",~(l -t)"(l + t)b~(t). If v(t) is a step function, then so is +'(t) and it is produced from v(t) by multiplying its steps wi at points ti=o(di) (i=O,l,.. Qr (-1) ). Using the polynomial gcT) in Theorem 4.3 and taking (4.9)-(4.11) into account, we get the following theorem. where I= [(z + 1)/2J and 8 = 21-z with equality in (4.14) holding if and only if C is a simple z-design and (1 + t)*Q:f,(t) is annihilating for C.
A z-design C for which the bound (4.14) is attained is called a tight design. The following two statements of Delsarte [ll] are also valid for codes in compact metric spaces. Proof. For any code C there exists a polynomial g(t) of degree s -fi where s = s(C) and j? = /I(C), such that the polynomial f(t) = (1 -t)(l + t)b(g(t))' is annihilating for C and, moreover, the left-hand side of (4.5) equals zero. The polynomial f(t) is nonnegative for -1 d t < 1 and by (4.1), fo(Q) > 0 (if its degree 2s -p + 1 does not exceed s(X) in the case of finite spaces X). Therefore, the inequalities s(X>>t(C)32s(C) -P(C) + 1 imply that B:(C) = 0, i = 1,. . ,2s -/I + 1, and contradict the equality (4.5) for the polynomial f(t) of degree 2s -p + 1 <s(X). ??
Lemma 4.6. A code C in a compact metric space X is a tight design if and only if z(C) = 2s(C) -/?(C) and fc(t) = (( 1 i-t)/2)8(C)Q,~;~jC_b~C,(t).
Proof. If On the other hand, if the conditions of the lemma are satisfied, then using f(t) = fc(t) in (4.5) shows that ICI =s2(fc). However, taking (4.9)-(4.11) into account again, it is easy to verify that sL(fc) = a(g('('))), and we have equality in (4.14) . 0
The systems Q",' for the Hamming space H," and for the Johnson space J," coincide with systems Q for spaces H,Y' and Ji:f, respectively (see, for example, [24] ). For the Euclidean sphere A'+', the projective spaces T,,,P+', the torus T", and the cube I", the polynomials Qi(t) are equal to Jacobi polynomials e::"'"(t) with some a and fi; hence, Q: ' (t) = e.','+' (t) in these cases. It is known (see, for example, [5] ) that for normalized Jacobi polynomials e"'"(t) (see (3.15 ) and (3.16)), Therefore, for Qi(t)=c."'(t) the right-hand side of (4.14) equals We can use examples considered and Theorem 4.4 to obtain the lower bounds on the size of a weighted (21-@-design given in Table 1 . In the connection with these bounds for the projective spaces the following references are relevant: [ 1 1 - 13, 22, 26, 21, 3] . Table 1 Lower bounds on the size of (21-@-designs [301 [31] when 0=0 [15] when 0= 1 [I31
Designs and codes in polynomial spaces
Now, we put a restriction on the system Q and, hence, on the compact metric space X = (X,d(x, y), ,u) which the system corresponds to. This allows us to simplify the definition (2.8) of a r-design and apply the system Q for obtaining a universal bound on the size of codes with a given minimum distance.
For a compact metric space X = (X, d(x, y), cl) we discuss real-and complex-valued functions F(x, y) in two variables X, y EX. In the case of a finite X, F(x, y) might be considered as an element of a matrix of order 1x1 x wl in row x&Y and column y&Y. For our purposes in the case of infinite metric spaces it is also suhicient to consider only nonnegative-definite functions of this type. We shall call a function which can be represented in the form (5.2) with continuous nonzero functions wi(x), i = 1,. . . , h (h> l), a finite dimensional3 nonnegative dejinite function (FDNDF) on X. The most significant example of a FDNDF on the Euclidean complex space C" is the usual inner product (x, y) = xi"=, xix of vectors x = (xi,. . . ,x,,) and y = (~1,. . . , yn). To discuss simultaneously FDNDFs on finite and compact infinite metric spaces X with normalized measure ,M we consider the (possibly, finite dimensional) Hilbert space Lz(X,p) of complex-valued functions u on X satisfying with the inner product (u, u) = .I, @P(x) &4x). We shall call a compact metric space X FDNDF-polynomial (with respect to a standard substitution a(d) ) if Qi (a(d(x, y) )) is a FDNDF on X for any i = 0, 1,. . . ,s(X). For a FDNDF-polynomial space X (which, in general, is not distance invariant) let 4(x, y) = Q (a(d(x, y) )), K = V(E), mi = dim l$, and E;;(x, y) has the following diagonal form (5.6):
The functions ei,i(x), i = 0, I,. . . , s(X), j = 1,. . . , mi, form an orthonormal system with respect to the inner product (5. Note that by (3.9) and (5.7) for any XEX. Qi(a(d(x,x) Fortunately, some metric spaces of significant interest in coding theory, in particular, the Hamming space, the Johnson space, the unit Euclidean sphere, and the projective spaces (with the standard substitutions given above) turn out to be polynomial. Moreover, the theory of group representation applied to the isometty groups of the spaces gives the explicit description of the subspaces K and the basis functions ei,j(x) (see [ll, 13,22,23,37,39] ). The representation (5.7) (and (5.10)) allows us to extend some results of Delsarte [l l] on codes in Q-polynomial association schemes to the general case. a(d(x, y) )) = f (1)
=
if d(x, y) = 0 and o(d(x, y)) 6 a(d) if d(x, y) bd, we obtain the following statements. The comparison of Theorem 5.3 with Theorem 4.3 shows that one can use polynomials of degree more than r to obtain a lower bound on the size of r-designs in FDNDFpolynomial spaces. This was really used to improve the bound (4.14) for sufficiency large r (see [25, 41] ). Moreover, for polynomial spaces the condition r(C) = 2s(C)p(C) is already sufficient for a code C to be a tight design (cf. Lemma 4.6). At the same time Theorem 5.4 allows us to use the system Q for obtaining universal (upper) bounds on the size of codes with given minimum distance d in compact metric spaces, which are FDNDF-polynomial. A review of the known results in this direction can be found in [24, 25] . Now, we only give an universal bound for codes, which is, in a sense, dual to the bound of Theorem 4.4. For any positive integer 1 and 8~ (0, 1) put g= t:'$ =a(dj'$) (see (4.12) ) and r=2Z -f3 and consider the polynomial where gcT) is defined in (4.13) . It is possible to show (see [24] or [25] ) that this polynomial f(t) = f(")(t) satisfies all conditions of Theorem 5.4 and a,(g(')) = &(f(")). This implies the following universal bound.
Theorem 5.5. For any code C in a FDNDF-polynomial space X such that d(C)>
d& for some positive integer 1 and 8~ (0, 1) , (5.18) where z = 21-9, with equality in (5.18 
) holding if and only if d(C) = d& and C is a tight z-design.
In conclusion we should note that in the paper the problems of the existence of (tight) r-designs were not considered, although numerous examples are known for association schemes, the Euclidean sphere, and the projective spaces (see [ll, 13,12,21,35,2,6,8,4] ). It is also interesting to consider connections of this concept of a design with the calculation theory, in particular, with codes for Monte Carlo method (see [36, 29] ).
